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Kontaktńı úloha s daným ťreńım
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Primárńı úloha

Nalezněte
ū := arg min

u∈ΩC

f (u) + jh(u)

kde

ΩC := {u ∈ ΓC : uz ≥ −dC},
f (u) := 1/2〈Ku,u〉 − 〈f,u〉, f : Rn → R,

jh(u) :=
mc∑
i=1

ψi‖Tiu‖, jh : Rn → R.



Třeńı a tečné vektory
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Ti :=

[
0 0 0 . . . 1 0 0 . . . 0 0 0
0 0 0 . . . 0 1 0 . . . 0 0 0

]
,

T :=
[
TT

1 , . . . ,T
T
mc

]T
jh(u) :=

mc∑
i=1

ψi‖Tiu‖ =
mc∑
i=1

max
‖τi‖≤ψi

τT
i Tiu



Podḿınky nepronikáńı a normálové vektory
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r B
i :=

[
0 0 0 . . . 0 0 −1 . . . 0 0 0

]
, ci := dC

Bu ≤ c



Duálńı úloha

Z primárńı úlohy

min
u∈ΩC

(
f (u) +

mc∑
i=1

max
‖τi‖≤ψi

τT
i Tiu

)
vytvǒreńım nových Lagrangeových multiplikátor̊u

min
u∈Rn

sup
[τ,λC ]∈Λ

f (u) + τTTu + λT
C (Bu− c),

kde

Λ := {[τ ,λC ] ∈ R3mc :
√
τ2

2i−1 + τ2
2i ≤ ψi , i = 1, . . . ,mc ,λC ≥ o}.

Dále pak

min
u∈Rn

sup
λ∈Λ

f (u) + λT (B̃u− c̃) =: min
u∈Rn

sup
λ∈Λ

L(u,λ),

kde

λ :=

[
τ
λC

]
, B̃ :=

[
T
B

]
, c̃ :=

[
o
c

]
.



Duálńı úloha

min
u∈Rn

sup
λ∈Λ

L(u,λ) = max
λ∈Λ

min
u∈Rn

L(u,λ).

Z prvńı KKT podḿınky

Ku− f + B̃
T
λ = o

u = K−1
(

f − B̃
T
λ
)
.

Dosazeńım

L(u,λ) = −1

2
λT B̃K−1B̃

T
λ + λT (B̃K−1f − c̃)− 1

2
fTK−1f.

Duálńı úloha má tvar

λ̄ = arg min
λ∈Λ

Θ(λ), Θ(λ) :=
1

2
λTFλ− λTd,

kde
F := B̃K−1B̃

T
, d := B̃K−1f − c̃.



QPQC

Ω := {x ∈ Rn :
√

x2
2i−1 + x2

2i ≤ ri , for all i = 1, . . . ,m}.

PΩ(x) :=



r1
‖[x1,x2]‖ [x1, x2]T

...
ri

‖[x2i−1,x2i ]‖ [x2i−1, x2i ]
T

...
rm

‖[x2m−1,x2m]‖ [x2m−1, x2m]T
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Modified proportioning with gradient projections (MPGP)

Algoritmus 1 MPGP

1: Choose x0 ∈ Ω, α ∈ (0, 2‖A‖−1), δ ∈ (0, 1/2〉
2: k := 0
3: while ‖g̃k‖ ≥ ǫ‖b‖ do
4: if 2δgT

k g
P
k ≤ ‖ϕ(xk)‖2 then

5: CG step or CG halfstep.
6: make CG step to solve problem on free set.
7: if this step means leaving Ω, do only a half-step and restart CG.
8: k := k + 1
9: else
10: Projection step.
11: xk+1 := P (xk − αgk)
12: restart CG
13: k := k + 1
14: end if
15: end while

1



Spectral projected gradient method (SPG)

Algoritmus 2 SGP

1: Choose x0 ∈ Ω, 0 < αmin ≤ α0 ≤ αmax, 0 < σ1 < σ2 < 1, γ ∈ (0, 1)
2: k := 0
3: while ‖P (xk − αkgk)− xk‖ > ǫ do
4: dk := P (xk − αkgk)− xk

5: Find λ ∈ 〈σ1, σ2〉 such that

f(xk + λdk) ≤ f(xk) + γλ〈dk, gk〉

6: xk+1 := xk + λdk

7: sk := xk+1 − xk

8: yk := gk+1 − gk

9: αk+1 := min{αmax,max{αmin,
〈sk,sk〉
〈yk,sk〉}}

10: k := k + 1
11: end while

1



Modified proportioning with Barzilai-Borwein gradient
projections (MPGP-BB)

- měnit délku projektovaného gradientu dle SPG bez dodatečného
GLL (uvolněńı vazby, f (x))

Algoritmus 3 MPGP-BB

1: Choose x0 ∈ Ω, α ∈ (0, 2‖A‖−1), δ ∈ (0, 1/2〉
2: αbb := α
3: k := 0
4: while ‖g̃k‖ ≥ ǫ‖b‖ do
5: if 2δgT

k g
P
k ≤ ‖ϕ(xk)‖2 then

6: CG step or CG halfstep.
7: make CG step to solve problem on free set.
8: if this step means leaving Ω, do only a half-step and restart CG.
9: k := k + 1
10: else
11: Projection step.
12: xk+1 := P (xk − αbbgk)
13: s := xk+1 − xk

14: αbb := sTs/sTAs
15: restart CG
16: k := k + 1
17: end if
18: end while
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Numerické testy

Pro implementaci využit Matlab + MatSOL.
Konkrétńı hodnoty: ocel, ψ = 900,F = 5000, ε = 10−5

primárńı proměnné: 6591, duálńı proměnné: 507
aktivńı vazby: 93/169 Q, 39/169 L



Numerické testy

Konkrétńı hodnoty: ocel, ψ = 15000,F = 5000, ε = 10−5

primárńı proměnné: 6591, duálńı proměnné: 507
aktivńı vazby: 0/169 Q, 35/169 L



Numerické testy

F = 5000, ψ = 900, ε = 10−4

N primal dual SPG MPGP MPGP-BB active
it it cg half proj it cg half proj Q,L

4 375 75 36 5176 0 1 5175 41 0 1 40 11/25, 10/25
6 1029 147 45 2746 0 1 2745 57 0 1 56 27/49, 21/49
8 2187 243 27 1236 0 1 1235 51 0 1 50 44/81, 27/81
10 3993 363 33 661 0 1 660 40 0 1 39 76/121, 33/121

F = 5000, ψ = 5000, ε = 10−4

N primal dual SPG MPGP MPGP-BB active
it it cg half proj it cg half proj Q,L

4 375 75 1128 3191 177 15 2999 216 15 25 176 3/25, 10/25
6 1029 147 479 2005 25 18 1962 139 8 53 78 5/49, 14/49
8 2187 243 341 1860 5 22 1833 125 1 45 79 6/81, 23/81
10 3993 363 199 1078 2 30 1046 103 2 51 50 5/121, 31/121

F = 5000, ψ = 15000, ε = 10−4

N primal dual SPG MPGP MPGP-BB active
it it cg half proj it cg half proj Q,L

4 375 75 1566 43 33 9 1 43 33 9 1 0/25, 10/25
6 1029 147 923 48 29 18 1 48 29 18 1 0/49, 14/49
8 2187 243 588 53 24 28 1 53 24 28 1 0/81, 18/81
10 3993 363 1020 101 40 46 15 73 27 40 6 0/121, 27/121



Několik poznámek ke konvergenci

MPGP (Dostál, Schöberl, Kozubek) projekce s konstantńı
délkou kroku α ∈ (0, 2/‖A‖) zaručuje pokles cenové funkce v
každé iteraci

xk+1 := P(xk − αgk)
f (xk+1)− f (x̄) ≤ (1− αλA

max)(f (xk)− f (x̄))

SPG (Mart́ınez, Birgin, Raydan) konvergence je zaručena
splněńım Armijo podḿınky v každé iteraci

dk := P(xk − αkgk)− xk
find λ : f (xk + λdk) ≤ f (xk) + γλ〈dk , gk〉
xk+1 := xk + λdk



Několik poznámek ke konvergenci

MPGP-BB
délka kroku neńı konstatńı a numerické testy naznačuj́ı, že
pokles cenové funkce neńı monotónńı (BB neńı monotónńı ani
v neprojektované verzi)
původńı Raydanův důkaz neprojektovaného BB je založen na
konvergenci soǔradnic chyby xk − x̂ v bázi vlastńıch vektor̊u
matice A
Armijo podḿınka neńı splněna v každé iteraci



Několik poznámek ke konvergenci

Pro QP na konvexńıch množinách se mi zat́ım podǎrilo odvodit

f (xk+1) ≤ f (xk) + γk〈xk+1 − xk , gk〉

kde

γk :=

(
1− αk

2αk+1

)
.
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