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Technical motivation

Shape optimization of the cooling plunger cavity
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Shape optimization of the cooling plunger cavity

We denote
0 for x € [0, x§]

Fy(x) = { fS(x) for x € [x§, 1] ’ (1)

where 5§ € [Smin, 1], (Smin > 0 is fixed constant given by the minimal thickness of
the plunger wall), f§ € CO1([25, 1]), f5(x5) =0and 0 < £5(x) < fi(x) — Smin,
where f1 is fixed given increasing function, which represents outward shape of the
plunger. Further we assume that a < f5(x) — so for € [z§, 1], where a > 0
represents radius of supply tube and s > 0 minimal admissible split width between
the inner wall of plunger cavity and the supply tube, x§ €]x5, 1] deepness of insertion

of the tube.
,
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Shape optimization of the cooling plunger cavity

We denote the set of admissible functions as

0 for x € [0, x§]
fS(x) for x€|z§, 1]
5 € [Smin, 1], Smin >0, f5 € CO([25, 1)), f5(a5) =0,

0 < f3(z) < f1(®) — Smin, f1 given,

a < fs(x) — sg for x € [x5,1], a >0, so >0, x5 €|xs, 1]},

o= { F(x) € CON([0,1]); F5(x) = {

where the function F35 describes the technological constraint for inner cavity surface.

We assume the region 2%,, which depends on the design function Fi(x), and which
is defined by the formula

¢ ={(z, 7)€ R*; F§(x) <r< fi(x), for z €0, 1]},

where f1 is fixed given increasing function, which represents inner shape of plunger.
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Shape optimization of the cooling plunger cavity

? Qo (Mould)
Qe (Glass) - Qp; (Plunger)
r, ‘la (Covity) Fout

Fig 2
We denote Q° = Q%, U Qg UNE, U Q.

In the three dimensional region G¢,,, which is created by rotation of {2¢, around x

axis, we assume an axisymmetric incompressible potential flow of water, which is
axisymmetric with x axis.
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Shape optimization of the cooling plunger cavity

The potential ® is given as a solution of Neumann problem

AP =0 in Gg, , (2)
0P )
% =9 on aGC’a ) (3)

where g € L*(0GS,), representing normal component of velocity at entrance to and
exit of plunger cavity, is in the form

0 on I3Purl |
' 3D
g = hffélto on F% ; (4)
hzojqélo on Fout Y
h' normal velocity at the entrance I'3” (R, < 0) and h°“ normal velocity at
the exit I'>D.. Further we assume
/ gdS =0 . (5)
r2oursb,
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Shape optimization of the cooling plunger cavity

The variational formulation for the potential function has form:
We look for the function ® € H'(G%,) such that

3D
out

0P Oy 1
dV = d H (Gg,) .
L G W=y 9005 o€ HAGE) (6)

Velocity field of flowing water w = (u1,ug,us) in cavity G¢, is given as

u = grad® . (7)

Theorem (existence and uniqueness of velocity field)
Under the assumption (5) there exists unique velocity field of the form (7) satisfying the
estimate of Euclid norm in the form

out

el 2,y < € (IRl aomy + 1152l aqran, ) - (8)

Proof See[l].
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Shape optimization of the cooling plunger cavity

The energy equation for stationary flow u with steady temperature in three

dimensions has the form "

cogradil.u — EAﬁ =q. (9)
We put ©w =0 in G%,;, Gg; and Gy, (regions created by rotation of Q%,, {2¢; and
Qa around x aX|s) because of there is no flowing liquid inside. Further we consider
q=0in G%;, G¢, and Gy, (there is no heat sources inside). Denote
G = GPZUGGZUGCQUGMO
We divide the notion for searched function 1 representing distribution of temperature
in the system to the sum of four functions as

where
o 19 G, in Gz -

(GO — Gfgl, Gl — GGZ7 G2 — Ca’ G3 GMO)'
Further we denote by J;|psp the trace of solution ¥; on the boundary I’?D for ¢, 5 if

3P is a boundary of G;.
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Shape optimization of the cooling plunger cavity

We assume the following boundary conditions:
In the entrance the cooling water has constant temperature 15°C

Oa|psp =288 on 32

192|P§5t = hg,; ON ng?t :
Tubeisisolated, thus

094

—Z =90 on I'2P .
on g

The boundary condition on I'3? is given as

dilpsp = hs  on P i=0,1,3,
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Shape optimization of the cooling plunger cavity

Heat-transfer through I'3” (i. e. between plunger and water) is modeled as boundary
condition for contact of two bodies

89 804 -
( k‘o 5’71) ( k‘g 5’71) on F2 , (11)

The boundary T3P (i. e. between mould and environment) is modeled as boundary
condition of the third kind for contact between body and environment

09
( ]{3 a;) ()4(193|I‘7 —194) on F%D, (12)
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Shape optimization of the cooling plunger cavity

We use the transit condition for contact between two bodies, where one of them
changes its state of matter because of the influence of solidification to describe
heat-transfer through the boundary I'3” between glass piece and plunger. Thus

01 I B 3D
(kl an) (k() aﬂ) — 51 on Fl , (13)
Analogously we describe heat-transfer through the boundary I't” between glass and
mould.
g 20 ' ey 203 = 8 on I3P (14)
Y on > on e o
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Shape optimization of the cooling plunger cavity

Due to rotational symmetry we transform the problem to cylindrical coordinates and
use dimensional reduction to x, r» coordinates.
By this way we obtain two dimensional velocity field of flowing water w® = (wy, ws)

by relations

w, = U, (15)
wy = \/(u2)? + (us)? (16)
where u = (u1, usz,u3) is defined in (7).

Dimensional reduction leads to one more boundary condition in axis of the system
I'4, which means that there is no heat flow in the normal direction to axis, thus

0Y;
on

= 0 on I'y :=0,1,2,3.
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Shape optimization of the cooling plunger cavity

To define the state problem based on the variational formulation of energy equation
in two dimensions we define the operators

oY oY
Energyvelo(ﬁa w, w) — CUQ2/ (a—;wl T a—:w2) ZD"“ df ) (17)
con 0% 0 09 0
EnergyGa (9, 1) = ko/ (5,; 826 + (%0 ;f) rdQ + (18)

Pl

0 8¢ oy O
+k1/Gl<8x 8:13 or 8r) de
N k2/ (8192 8¢ 0y 81&)
e \ Oz Ox Or or
N kg/ (0193 (‘ﬁp O0v3 81&)
dr dxr ' Or Or
Environmentgs (¥, ¢) = / ads|p,Yrdl (19)
I'7

(20)

Fakulta prirodovédné-humanitni a pedagogicka TUL PANM 16 - 2012 — 15 / 22



Shape optimization of the cooling plunger cavity

Sourceqs (V) = 91/Q qur dS) (21)
Coeffas (1) = Bryr dl + Ber dl' + / adgpr dl (22)
I'; I's I'7
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Shape optimization of the cooling plunger cavity

We denote the weighted Sobolev space H!(;) with norm

_ / \® (v,
Ll = Q; 3:13 8r

(QQ = Q%N Ql — QGl; QQ = Q%a’ Qg = QMO)'

v

rdQ) i=0,1,2,3 (23)

Further we denote
H(Q) = {0; ¥ defined in (10), ¥; € H}(€;) for any i =0,1,2,3} .
We define the norm in H(£2) as

1
191z = (190l .00 + 191 ras)” (24)

Lo +1102]

%,T,QQ + |‘193

Theorem The set H (2) with the norm (24) is a Hilbert space.
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Shape optimization of the cooling plunger cavity

Denote the set
Oy =Q0°UlsUT,, UT,,,

and
“H*P = {v e C™(Qu); vlrsur,,or,, =0}

Let H((92) be closure of the set ¢H?P according to the norm H ().
We assume existence of the function ¥¢ € H () such that

VUE|r,, =288 on Iy, (25)
%|Fout — hgut on FOUf/’ (26)
16-1|I‘3 = hg on Fg, (27)
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Shape optimization of the cooling plunger cavity

The State Problem:
We look for the function ¥ = J(Fy) € H(S2) such that

Energy2(9, w®, ) + Energy&@ (9, ) + Environmentgs (9, ¥) =
= Sourceqs () + Coeffas(vyp) Vi € Hy(Q), (28)
D05 € Ho@) (29)

where 5 € US, and w€ is corresponding flow pattern given as gradient of solution

(6).
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Shape optimization of the cooling plunger cavity

The physical assumption of cooling:

A1l Average temperature of water coming into the plunger cavity is less than average
temperature of leaving water.

Theorem The bilinear form (17) satisfies the following condition
Energy%° (9, w®, ) > 0 (30)

for ¢, we satisfying the physical assumption of cooling Al.

Theorem (existence and uniqueness of solution of the state problem)

The state problem (28), (29) has a unique solution ¢( Fy ) for each Fiy € US, and
associated flow pattern w® received as gradient of the unique solution of (6) and

1
min(007 C1, C2, 63)

V()| < 1EQ e - (31)

Proof See[l].
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Shape optimization of the cooling plunger cavity

We will solve the problem of the optimal design for plunger cavity shape:
We define the cost functional as

J*(F5) = [[9(F5)|r, —Tr,|

(2),T,F1 ? (32)

where ¢(F¥)|r, isthetrace of solution ©J(Fy) of state problem (28), (29) in the region
(1%, onthe boundary I';, T, s before chosen fixed constant corresponding to optimal
surface plunger temperature. We look for optimal design Fp,: € U¢, such that

JT*(Fopt) < T*(F5) VI €Ugy. (33)

Theorem (existence of solution of the problem of optimal design for plunger cavity
shape)
The optimal design problem (33) has at least one solution.

Proof See[l].
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Shape optimization of the cooling plunger cavity
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